Linear cellular automata over modules of finite length and stable finiteness of group rings  by Ceccherini-Silberstein, Tullio & Coornaert, Michel
Journal of Algebra 317 (2007) 743–758
www.elsevier.com/locate/jalgebra
Linear cellular automata over modules of finite length
and stable finiteness of group rings
Tullio Ceccherini-Silberstein a,∗, Michel Coornaert b
a Dipartimento di Ingegneria, Università del Sannio, C.so Garibaldi 107, 82100 Benevento, Italy
b Institut de Recherche Mathématique Avancée, Université Louis Pasteur et CNRS, 7 rue René-Descartes,
67084 Strasbourg Cedex, France
Received 27 November 2006
Available online 22 August 2007
Communicated by Efim Zelmanov
Abstract
Let M be a left (or right) module of finite length over a ring R and let G be a sofic group. We show that
every injective R-linear cellular automaton τ :MG → MG is surjective. As an application, we prove that
group rings of sofic groups with coefficients in left (or right) Artinian rings are stably finite.
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1. Introduction
Let G be a group and let A be a set. Consider the set AG consisting of all maps x :G → A,
equipped with the right action of G defined by (x, g) → xg , where xg(g′) = x(gg′) for all
x ∈ AG and g,g′ ∈ G.
A cellular automaton over the group G and the alphabet A is a map τ :AG → AG satisfying
the following property: there exists a finite subset S ⊂ G and a map μ :AS → A such that
τ(x)(g) = μ(xg|S) for all x ∈ AG, g ∈ G, (1.1)
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called a local defining map for τ . Let us note that every cellular automaton τ :AG → AG is
G-equivariant, i.e., it satisfies τ(xg) = τ(x)g for all g ∈ G and x ∈ AG.
Lawton (see [Got]) proved that if G is residually finite and A is finite, then every injective
cellular automaton τ :AG → AG is surjective. This result was then also established for amenable
groups in [CMS] as an immediate corollary of the so-called Garden of Eden Theorem. Finally,
it was extended to the class of sofic groups (which includes all residually amenable groups, and
therefore all amenable groups and all residually finite groups) by Gromov [Gro] and Weiss [Wei]:
Theorem 1.1 (Gromov–Weiss). Let G be a countable sofic group and let A be a finite set. Then
every injective cellular automaton τ :AG → AG is surjective.
The aim of this paper is to present an analogue of the previous theorem for linear cellular
automata over modules of finite length. We shall treat the case of left modules but it is clear that
everything works for right modules as well.
Let M be a left module over a ring R. An R-linear cellular automaton over the group G
and the alphabet M is a cellular automaton τ :MG → MG which is R-linear with respect to the
natural product structure of left R-module on MG.
Our main result is the following:
Theorem 1.2. Let G be a sofic group and let M be a left module of finite length over a ring R.
Suppose that τ :MG → MG is an injective R-linear cellular automaton. Then
(i) τ is surjective;
(ii) the inverse map τ−1 :MG → MG is also an R-linear cellular automaton.
In the particular case when R is a field and G is a countable sofic group, the preceding result
follows from Theorems 1.2 and 3.1 in [CC2].
In [CC3] we showed that if the module M is Artinian (thus a weaker condition than being of
finite length) and G is a countable residually finite group (thus a stronger condition than soficity),
then every injective R-linear cellular automaton τ :MG → MG is surjective.
Since any finitely generated left module over a left Artinian ring has finite length (see Corol-
lary 2.7), we immediately deduce from Theorem 1.2 the following result:
Corollary 1.3. Let G be a sofic group and let M be a finitely generated left module over a left
Artinian ring R. Suppose that τ :MG → MG is an injective R-linear cellular automaton. Then
(i) τ is surjective;
(ii) the inverse map τ−1 :MG → MG is also an R-linear cellular automaton.
A ring R is called directly finite, or von Neumann finite, if ab = 1R implies ba = 1R for all
a, b ∈ R. The ring R is said to be stably finite if the ring Matd(R) of d × d matrices with entries
in R is directly finite for any d  1. In his monograph on rings and fields [Kap], Kaplansky
observed that, for any field K of characteristic 0 and any group G, the group ring K[G] is stably
finite (see also [Mon] and [Pa1] for proofs when K = C), and he asked whether this property
also holds when the field K has characteristic p > 0. Recently, Ara, O’Meara and Perera [AOP]
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finite. This last result was extended to sofic groups by Elek and Szabó [ES1].
Given a group G and a left R-module M , denote by LCAR(M,G) the set of all R-linear
cellular automata τ :MG → MG. We shall see that addition and composition of maps yield a ring
structure on LCAR(M,G) and that the ring LCAR(M,G) is naturally isomorphic to the group
ring EndR(M)[G], where EndR(M) denotes the endomorphism ring of M (Corollary 4.2). From
Theorem 1.2 we shall then deduce the following:
Corollary 1.4. Let G be a sofic group and let M be a left module of finite length over a ring R.
Then the group ring EndR(M)[G] is directly finite.
Finally, by taking as M a free left module of finite rank d  1 over a left Artinian ring, we
shall obtain:
Corollary 1.5. Let R be a left (or right) Artinian ring and let G be a sofic group. Then the group
ring R[G] is stably finite. In particular, R[G] is directly finite.
Since every division ring is (two-sided) Artinian, the preceding corollary extends Elek and
Szabó’s stable finiteness result.
The paper is organized as follows. In Section 2 we introduce the notation and present some
background material and preliminary results. Our main result (Theorem 1.2) is proved in Sec-
tion 3. In Section 4 we study the natural ring structure on LCAR(M,G) and prove in particular
that the rings LCAR(M,G) and EndR(M)[G] are isomorphic. In the last section we prove Corol-
laries 1.4 and 1.5.
2. Preliminaries
2.1. Modules of finite length
We first review some basic facts in the theory of modules of finite length. For more details
and proofs, the reader is referred to the books by Atiyah and Macdonald [AtM], Bourbaki [Bou],
Hungerford [Hun], or Zariski and Samuel [ZaS].
In this paper all rings are assumed to be unitary rings.
Let R be a ring and let M be a left module over R.
One says that M is Noetherian (or that it satisfies the ascending chain condition) if every
increasing sequence of submodules of M
M0 ⊂ M1 ⊂ · · · ⊂ Mn ⊂ Mn+1 ⊂ · · ·
eventually stabilizes (i.e., there exists n0 ∈ N such that Mn = Mn0 for all n n0).
One says that M is Artinian (or that it satisfies the descending chain condition) if every de-
creasing sequence of submodules of M
M0 ⊃ M1 ⊃ · · · ⊃ Mn ⊃ Mn+1 ⊃ · · ·
eventually stabilizes.
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n 0 such that M admits a strictly increasing sequence of submodules
M0  M1  M2  · · ·  Mn
of length n.
Thus (M) = 0 if and only if M = {0}.
Proposition 2.1. The module M has finite length if and only if M is both Noetherian and Artinian.
The ring R is said to be left Noetherian (respectively left Artinian) if it is Noetherian (respec-
tively Artinian) as a left module over itself.
Theorem 2.2 (Akizuki–Hopkins–Levitzski Theorem). Every left Artinian ring is also left
Noetherian. Therefore, every left Artinian ring is a left module of finite length over itself.
Note that there are left Noetherian rings which are not left Artinian (e.g. the ring Z of integers).
Proposition 2.3. Let M be a left module over a ring R and let N be a submodule of M . Then M
is Noetherian (respectively Artinian, respectively of finite length) if and only if N and M/N are
both Notherian (respectively Artinian, respectively of finite length). Moreover, one has
(M) = (N) + (M/N). (2.1)
Corollary 2.4. Let N be a submodule of M . Then (N)  (M). Moreover, if N  M and
(M) < ∞, then (N) < (M).
Corollary 2.5. Let M and M ′ be left modules over R. If there exists a surjective R-linear map
M → M ′, then one has (M) (M ′).
Corollary 2.6. If M1 and M2 are left modules over R, then
(M1 ×M2) = (M1)+ (M2).
Corollary 2.7. Let R be a left Artinian ring and let M be a finitely generated left R-module.
Then M has finite length.
2.2. Labeled graphs
Let S be a set. An S-labeled graph is a triple (Q,E,λ), where Q is a set, called the set of
vertices, E is a symmetric subset of Q × Q, called the set of edges, and λ is a map from E
to S, called the labeling map. An S-labeled graph is said to be finite if its set of vertices is finite.
We shall often identify a labeled graph with its underlying set of vertices if the labeled graph
structure is understood.
Let (Q,E,λ) be an S-labeled graph. We shall view every subset Q′ ⊂ Q as an S-labeled
graph (Q′,E′, λ′) with set of edges E′ = E ∩ (Q′ × Q′) and labeling map λ′ = λ|E′ . Given
q ∈ Q and r ∈ N, we define the ball B(q, r) ⊂ Q by B(q, r) = {q ′ ∈ Q: d(q, q ′)  r}, where
T. Ceccherini-Silberstein, M. Coornaert / Journal of Algebra 317 (2007) 743–758 747d is the graph distance (d(q, q ′) = minimal length of an edge path joining q and q ′ if there are
such paths or ∞ otherwise).
Let (Q,E,λ) and (Q′,E′, λ′) be S-labeled graphs. One says that (Q,E,λ) and (Q′,E′, λ′)
are isomorphic if there is a bijection ϕ :Q → Q′ such that (q1, q2) ∈ E if and only if
(ϕ(q1), ϕ(q2)) ∈ E′ and λ(q1, q2) = λ′(ϕ(q1), ϕ(q2)) for all (q1, q2) ∈ E. Two vertices q ∈ Q
and q ′ ∈ Q′ are said to be r-equivalent, and we write q ∼r q ′, if there is an isomorphism of S-
labeled graphs φ :B(q, r) → B(q ′, r) such that φ(q) = q ′.
Consider now a group G with a symmetric generating subset S ⊂ G. The Cayley graph asso-
ciated with (G,S) is the S-labeled graph (Q,E,λ), where Q = G, E = {(g, gs): g ∈ G, s ∈ S}
and λ :E → S is defined by λ(g,gs) = s. We note that, for g ∈ G, left multiplication by g in-
duces an automorphism of the Cayley graph sending the identity element 1G of G to g. This
shows in particular that 1G and g are r-equivalent for all r ∈ N.
2.3. Sofic groups
Before treating the general case, we first give the definition of soficity for finitely generated
groups.
Definition 2.8. Let G be a finitely generated group and let S be a finite symmetric generating
subset of G. The group G is said to be sofic if for all ε > 0 and r ∈ N there exists a finite S-
labeled graph (Q,E,λ) such that the set Q(r) ⊂ Q defined by Q(r) = {q ∈ Q: q ∼r 1G} (here
1G is considered as a vertex in the Cayley graph associated with (G,S)) satisfies
∣∣Q(r)∣∣ (1 − ε)|Q| (2.2)
where | · | denotes cardinality.
It can be shown (see [Wei]) that this definition does not depend on the choice of S and that it
can be extended as follows.
Definition 2.9. A (not necessarily finitely generated) group G is said to be sofic if all of its finitely
generated subgroups are sofic according to Definition 2.8.
Sofic groups were introduced by M. Gromov in [Gro] under the name of initially sub-
amenable groups. The sofic terminology is due to B. Weiss [Wei]. The class of sofic groups
contains, in particular, all residually amenable groups and it is closed under direct products, free
products, taking subgroups and extensions by amenable groups [ES2].
2.4. Cellular automata
Let τ :AG → AG be a cellular automaton over a group G with memory set S and local defin-
ing map μ :AS → A.
First note that any finite subset S′ ⊂ G containing S is also a memory set for τ . The corre-
sponding local defining map μ′ :AS′ → A is given by μ′ = μ ◦ πS′,S where πS′,S :AS′ → AS is
the restriction map.
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by τH (x)(h) = μ(xh|S), for all x ∈ AH and h ∈ H , is a cellular automaton over the group H
with memory set S and local defining map μ. One says that τH is the restriction of τ to H .
Conversely, given a cellular automaton τ :AH → AH over a subgroup H of a group G, one
extends it to a cellular automaton τG :AG → AG over G as follows. Let S ⊂ H and μ :AS → A
be a memory set and a local defining map for τ . Then one defines τG :AG → AG by
τG(x)(g) = μ(xg|S) for all x ∈ AG, g ∈ G.
Thus τG is the cellular automaton over G admitting S and μ as a memory set and local defining
map. One says that τG is induced by τ .
Let T be a set of representatives for the left cosets of H in G, so that G =∐t∈T tH . For all
(zt )t∈T ∈∏t∈T AtH = AG, we have
τG
[
(zt )t∈T
]= (φ−1t ◦ τ ◦ φt (zt ))t∈T , (2.3)
where φt :AtH → AH is the bijective map induced by the bijection H → tH given by left mul-
tiplication by t .
We finally note that induction and restriction are inverse operations, namely, one has (τH )G =
τ and (σG)H = σ for all cellular automata τ :AG → AG over G and σ :AH → AH over H .
Proposition 2.10. Let τ :AG → AG be a cellular automaton with memory set S and suppose
that H is a subgroup of G containing S. Then the following hold:
(i) τ is injective if and only if τH is injective.
(ii) τ is surjective if and only if τH is surjective.
(iii) Suppose that τ is bijective and that σ := (τH )−1 :AH → AH is a cellular automaton. Then
τ−1 :AG → AG is a cellular automaton as well. In fact, one has τ−1 = σG.
(iv) Suppose that A is a left module over a ring R. Then τ is R-linear if and only if τH is
R-linear.
Proof. Assertions (i), (ii) and (iv) were proven in [CC1] and [CC2]. Let us prove (iii). We first
note that τH is also bijective by (i) and (ii). This justifies the existence of σ . Let T be a set of
representatives for the left cosets of H in G. By the above discussion, for all z = (zt )t∈T ∈ AG,
we have
τ
[
(zt )t∈T
]= (φ−1t ◦ τH ◦ φt (zt ))t∈T
and
σG
[
(zt )t∈T
]= (φ−1t ◦ (τH )−1 ◦ φt (zt ))t∈T .
We deduce that τ ◦ σG = σG ◦ τ is the identity map on AG. Therefore σG is the inverse of τ .
This completes the proof of (iii). 
From the preceding proposition, we easily deduce the following fact which, in the finite al-
phabet case, can be found in [Wei].
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conditions are equivalent:
(a) every injective R-linear cellular automaton τ :MG → MG is surjective;
(b) for each finitely generated subgroup H of G, every injective R-linear cellular automaton
τ :MH → MH is surjective.
2.5. Linear subshifts
Let G be a group and let M be a left module over a ring R. We equip MG with the Tychonov
product topology, where each factor M is endowed with the discrete topology.
For a subset X ⊂ MG and a subset Ω ⊂ G, we denote by X|Ω the image of X under the
natural projection (restriction map) MG → MΩ , that is, X|Ω = {x|Ω : x ∈ X}.
A subset X ⊂ MG is called a linear subshift if it is a closed G-invariant submodule of MG.
We extend our definition of an R-linear cellular automaton to linear subshifts in the following
way.
Let X,Y ⊂ MG be linear subshifts. A map τ :X → Y is called an R-linear cellular automa-
ton if it is the restriction τ = τ |X of an R-linear cellular automaton τ :MG → MG satisfying
τ(X) ⊂ Y .
We shall use the following Closure Lemma whose proof can be found in [CC3, Lemma 3.2]
(see also Lemma 3.1 in [CC1] in the particular case when R is a field).
Lemma 2.12. Let G be a countable group and let M be an Artinian left module over a ring R.
Let τ :MG → MG be an R-linear cellular automaton. Then τ(MG) is a linear subshift of MG.
2.6. Invertible linear cellular automata
Let G be a countable group. In the classical theory of cellular automata, namely when A is
a finite alphabet, one has the remarkable fact that the inverse of a bijective cellular automaton
τ :AG → AG is itself a cellular automaton. A proof of this fact, of a purely combinatorial flavor,
is given in [LiM, Theorem 1.5.14]. Alternatively, one recovers this result by simple topological
arguments: indeed, Hedlund [GoH] characterized classical cellular automata as being exactly the
G-equivariant continuous self-maps of the compact space AG.
Here we present an analogue for R-linear cellular automata over Artinian left modules. Com-
pacity (in its characterization in terms of the finite intersection property) is now replaced by the
descending chain condition.
Theorem 2.13. Let G be a countable group and let M be an Artinian left module over a ring R.
Let X,Y ⊂ MG be linear subshifts and suppose that τ :X → Y is a bijective R-linear cellular
automaton. Then the inverse map τ−1 :Y → X is also an R-linear cellular automaton.
Proof. Since τ is R-linear and G-equivariant, it is clear that τ−1 is also R-linear and G-
equivariant. We need to show that τ−1 admits a (finite) memory set. By G-equivariance, it
suffices to find a finite subset Ω ⊂ G such that, for y ∈ Y , the element τ−1(y)(1G) only de-
pends on the restriction of y to Ω . Let us assume, by contradiction, that this cannot occur.
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(An)n∈N be an increasing and exhausting sequence of finite subsets of G, containing S. In other
words
S ⊂ A0 ⊂ A1 ⊂ · · · ⊂ An ⊂ An+1 ⊂ · · ·
and G =⋃n∈NAn. Set Bn = {g ∈ G: gS ⊂ An} and observe that the sequence (Bn)n∈N is also
increasing and exhausting.
By our assumption (non-existence of a memory set for τ−1) and R-linearity, there exists, for
all n ∈ N, an element yn ∈ Y such that yn|Bn = 0 but τ−1(yn)(1G) = 0. Setting xn = τ−1(yn),
this is equivalent to
xn(1G) = 0 (2.4)
and
τ(xn)|Bn = 0. (2.5)
For each n ∈ N, denote by τn :X|An → Y |Bn the R-linear map induced by τ and set Ln :=
Ker(τn) ⊂ X|An .
Suppose n  m. Then, the restriction map X|Am → X|An induces an R-linear map
πn,m :Lm → Ln. Denote by Kn,m =: πn,m(Lm) ⊂ Ln its image.
For n  m  m′, since πn,m′ = πn,m ◦ πm,m′ , we have Kn,m′ ⊂ Kn,m. Hence, if we fix n,
the sequence Kn,m, where m = n,n + 1, . . . , is a decreasing sequence of submodules of Ln ⊂
X|An ⊂ MAn . Since M is Artinian and An is finite, it follows from Proposition 2.3 that MAn is
Artinian and therefore this sequence stabilizes. Thus, there exist a submodule Jn ⊂ Ln and an
integer kn  n such that Kn,m = Jn for all m kn.
For all n n′ m, we have πn,n′(Kn′,m) ⊂ Kn,m since πn,n′ ◦ πn′,m = πn,m. Therefore, πn,n′
induces by restriction an R-linear map ρn,n′ :Jn′ → Jn for all n n′. Let now u ∈ Jn and choose
m large enough so that Jn = Kn,m and Jn′ = Kn′,m. Then we can find v ∈ Lm such that u =
πn,m(v). Setting w = πn′,m(v) ∈ Kn′,m = Jn′ we then have u = ρn,n′(w). This shows that ρn,n′
is surjective.
We now inductively construct a sequence of elements zn ∈ Jn, n ∈ N, as follows. First take
z0 to be the restriction of xk0 to A0. Observe that xk0 ∈ Lk0 and hence z0 = π0,k0(xk0) ∈ J0.
Then, assuming that zn has been constructed, take as zn+1 an arbitrary element in ρ−1n,n+1(zn).
Since zn+1 coincides with zn on An for all n ∈ N, there exists a unique element z ∈ MG such
that z|An = zn for all n. We have z ∈ X, since zn ∈ X|An for all n and, by hypothesis, X is closed
in MG. Recalling (2.4) we have z(1G) = z0(1G) = xk0(1G) = 0, so that z = 0. On the other hand,
since τ(z)|Bn = τn(zn) = 0 for all n by construction, we have τ(z) = 0. Thus τ is not injective, a
contradiction. 
Corollary 2.14. Let G be a (not necessarily countable) group and let M be an Artinian left
module over a ring R. Suppose that τ :MG → MG is a bijective R-linear cellular automaton.
Then the inverse map τ−1 :MG → MG is also an R-linear cellular automaton.
Proof. Let S be a memory set for τ and let H denote the subgroup of G generated by S. The
cellular automaton τH :MH → MH is bijective by assertions (i) and (ii) in Proposition 2.10.
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inverse map (τH )−1 :MH → MH is a cellular automaton. Applying part (iii) of Proposition 2.10,
we conclude that τ−1 :MG → MG is a cellular automaton. 
3. Proof of the main result
In this section we prove Theorem 1.2. So let G be a sofic group, R a ring, M a left R-module
of finite length (M) = d  1, and τ :MG → MG an injective R-linear cellular automaton.
Since M has finite length, it is Artinian. Therefore, by Corollary 2.14, it suffices to prove that
τ is surjective. On the other hand, if H is the subgroup of G generated by a memory set for τ ,
we know that H is sofic (see Definition 2.9) and that τ is surjective if and only if its restriction
τH is surjective (Proposition 2.10 (ii)). Therefore, without loss of generality, we can assume that
G is finitely generated.
Let S be a finite symmetric generating subset of G. We shall use the following notation. For
r ∈ N, we denote by B(r) ⊂ G the ball of radius r centered at 1G in the Cayley graph associated
with (G,S). We set Y = τ(X). Recall that Y is a linear subshift of MG by Lemma 2.12 and that
τ−1 :Y → MG is an R-linear cellular automaton by Theorem 2.13.
We can assume that τ has memory set B(r0) for some r0 ∈ N. Let μ :MB(r0) → M denote the
corresponding local defining map.
We choose r0 large enough so that τ−1 :Y → MG also admits B(r0) as a memory set. Let
ν :MB(r0) → M be a local defining map for τ−1.
We proceed by contradiction. Suppose that τ is not surjective. Then, since Y is closed in MG
by Lemma 2.12, there exists a finite subset Ω ⊂ G such that Y |Ω  MΩ . It is not restrictive, up
to enlarging r0, to suppose that Ω ⊂ B(r0). Thus, Y |B(r0)  MB(r0).
Let us choose ε > 0 such that
ε <
1
d|B(2r0)| + 1 . (3.1)
Note that from (3.1) we have
(1 − ε)−1 < 1 + 1
d|B(2r0)| . (3.2)
Since G is sofic, we can find a finite S-labeled graph (Q,E,λ) such that
∣∣Q(3r0)∣∣ (1 − ε)|Q|, (3.3)
where Q(r) = {q ∈ Q: q ∼r 1G} (see Definition 2.8).
Note the inclusions
Q(r0) ⊃ Q(2r0) ⊃ · · · ⊃ Q(ir0) ⊃ Q
(
(i + 1)r0
)⊃ · · · .
For each integer i  1, we define the map μi :MQ(ir0) → MQ((i+1)r0) by setting, for all
u ∈ MQ(ir0) and q ∈ Q((i + 1)r0),
μi(u)(q) = μ(u|B(q,r0) ◦ φq)(1G),
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ing 1G to q .
Similarly, we define the map νi :MQ(ir0) → MQ((i+1)r0) by setting, for all u ∈ MQ(ir0) and
q ∈ Q((i + 1)r0),
νi(u)(q) = ν(u|B(q,r0) ◦ φq)(1G).
From the fact that τ−1 ◦ τ is the identity map on MG, we deduce that the composite
νi+1 ◦ μi :MQ(ir0) → MQ((i+2)r0) is the identity on MQ((i+2)r0). More precisely, denoting by
ρi :M
Q(ir0) → MQ((i+2)r0) the restriction map, we have that νi+1 ◦ μi = ρi for all i  1. In
particular, we have ν2 ◦ μ1 = ρ1. Thus, setting Z = μ1(MQ(r0)) ⊂ MQ(2r0), we deduce that
ν2(Z) = ρ1(MQ(r0)) = MQ(3r0). It follows from Corollaries 2.5 and 2.6 that
(Z) 
(
MQ(3r0)
)= d∣∣Q(3r0)∣∣. (3.4)
In order to estimate (Z) from above, we need the following standard lemma whose proof can
be found in [Wei] or [CC2].
Lemma 3.1. There exists a subset Q′ ⊂ Q(3r0) satisfying
|Q′| |Q(3r0)||B(2r0)| (3.5)
such that the balls B(q ′, r0) with q ′ ∈ Q′ are all disjoint.
Let Q′ ⊂ Q(3r0) be as in the preceding lemma and set Q′ =∐q ′∈Q′ B(q ′, r0). Note that we
have Q′ ⊂ Q(2r0) so that
∣∣Q(2r0)∣∣= |Q′| · ∣∣B(r0)∣∣+ ∣∣Q(2r0) \Q′∣∣. (3.6)
Now observe that, for all q ∈ Q(2r0), we have a natural isomorphism of left R-modules
Z|B(q,r0) → Y |B(r0) given by u → u ◦ φq , where φq denotes as above the unique isomorphism
of S-labeled graphs from B(r0) to B(q, r0) sending 1G to q . Since Y |B(r0)  MB(r0), we deduce
from Corollaries 2.4 and 2.6 that
(Z|B(q,r0)) = (Y |B(r0)) d
∣∣B(r0)∣∣− 1, (3.7)
for all q ∈ Q′.
Thus we have
(Z) (Z|
Q′)+ (Z|Q(2r0)\Q′)
 |Q′|(d∣∣B(r0)∣∣− 1)+ d∣∣Q(2r0) \Q′∣∣
= d
(∣∣Q(2r0)∣∣− |Q
′|
d
)
where the last equality follows from (3.6).
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∣∣Q(3r0)∣∣ ∣∣Q(2r0)∣∣− |Q
′|
d
.
Thus,
|Q| ∣∣Q(2r0)∣∣ ∣∣Q(3r0)∣∣+ |Q
′|
d

∣∣Q(3r0)∣∣+ |Q(3r0)|
d|B(2r0)| by (3.5),
= ∣∣Q(3r0)∣∣
(
1 + 1
d|B(2r0)|
)
>
∣∣Q(3r0)∣∣(1 − ε)−1
where the last inequality follows from (3.2). This yields
∣∣Q(3r0)∣∣< (1 − ε)|Q|
which contradicts (3.3). This ends the proof of Theorem 1.2. 
4. The ring of R-linear cellular automata
Let R be a ring, M a left module over R, and G a group.
We denote by LCAR(M,G) the set of all R-linear cellular automata τ :MG → MG.
Let M[G] be the submodule of MG consisting of finitely supported maps x :G → M , that is,
M[G] =
⊕
g∈G
M ⊂
∏
g∈G
M = MG.
Note in particular that R[G] is a free left R-module with basis {δg: g ∈ G}, where δg :G → R is
defined by δg(h) = 1 if h = g and 0 otherwise.
Given α ∈ R[G] and x ∈ MG, their convolution product αx ∈ MG is defined by
(αx)(g) =
∑
h∈G
α(h)x
(
h−1g
)
for all g ∈ G. (4.1)
Observe that αx ∈ M[G] if x ∈ M[G]. In particular, the convolution product of two elements in
R[G] is again in R[G]. Addition and convolution yield a ring structure on R[G]. The ring R[G]
is the group ring of G with coefficients in R.
The convolution product R[G] × MG → MG gives a structure of left R[G]-module on MG
and M[G] is a submodule of it.
Let EndR(M) denote the ring of endomorphisms of the R-module M and consider the group
ring EndR(M)[G] (that is, the group ring of G with coefficients in EndR(M)).
For each α ∈ EndR(M)[G], we define the map τα :MG → MG by setting
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∑
h∈G
α(h)
(
xg(h)
) (4.2)
for all x ∈ MG and g ∈ G.
Proposition 4.1. The following hold:
(i) τα ∈ LCAR(M,G) for all α ∈ EndR(M)[G];
(ii) the map Ψ : EndR(M)[G] → LCAR(M,G) defined by α → τα is bijective;
(iii) τα+β = τα + τβ for all α,β ∈ EndR(M)[G];
(iv) ταβ = τα ◦ τβ for all α,β ∈ EndR(M)[G].
Proof. It is clear from (4.2) that τα is R-linear. On the other hand, we have τα(x)(g) = μα(xg|S),
where S is the support of α and μα :MS → M is given by μα(y) =∑s∈S α(s)(y(s)) for all
y ∈ MS . This shows (i).
Let us show that Ψ is surjective. Suppose that τ ∈ LCAR(M,G) has memory set S and
local defining map μ :MS → M . Clearly, μ is R-linear. Therefore, there exist R-linear maps
αs :M → M , s ∈ S, such that μ(y) =∑s∈S αs(y(s)) for all y ∈ MS . For all x ∈ MG and g ∈ G,
we have
τ(x)(g) = μ(xg|S)=∑
s∈S
αs
(
xg(s)
)
.
This shows that τ = τα , where α ∈ EndR(M)[G] is defined by
α(g) =
{
αs if g = s ∈ S,
0 otherwise.
Thus Ψ is surjective.
Given m ∈ M , let em be the element in M[G] defined by
em(g) =
{
m if g = 1G,
0 otherwise.
(4.3)
If α ∈ EndR(M)[G], it follows from (4.2) that
α(g)(m) = τα(em)
(
g−1
)
for all g ∈ G, m ∈ M.
This shows in particular that Ψ is injective and completes the proof of (ii).
The proof of (iii) is immediate.
Finally, let α,β ∈ EndR(M)[G]. Let x ∈ MG and set y = τβ(x). For all g ∈ G, we have
y(g) =∑k∈G β(k)(x(gk)) and
τα
(
τβ(x)
)
(g) = τα(y)(g)
=
∑
α(h)
(
y(gh)
)
h∈G
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∑
h∈G
α(h)
(∑
k∈G
β(k)
(
x(ghk)
))
=
∑
z∈G
∑
h∈G
α(h)
(
β
(
h−1z
)(
x(gz)
))
=
∑
z∈G
(αβ)(z)
(
x(gz)
)
= ταβ(x)(g).
This shows that ταβ = τα ◦ τβ . 
Observe that (4.1) gives δgx = xg−1 for all g ∈ G and x ∈ MG. Thus, it follows from the
G-equivariance of cellular automata that every R-linear cellular automaton τ :MG → MG is
also R[G]-linear. In other words, we have the inclusion LCAR(M,G) ⊂ EndR[G](MG), where
EndR[G](MG) denotes the ring of endomorphisms of the left R[G]-module MG. From the pre-
vious proposition, we immediately deduce the following:
Corollary 4.2. Let G be a group and let M be a left module over a ring R. Then the set
LCAR(M,G) is a subring of EndR[G](MG) and the map Ψ : EndR(M)[G] → LCAR(M,G)
defined by α → τα is a ring isomorphism.
Let us note that every R-linear cellular automaton τ :MG → MG sends M[G] into itself.
Indeed, if x :G → M has finite support F ⊂ G and S is a memory set for τ , then the support
of τ(x) is contained in the finite set FS = {gs: g ∈ F, s ∈ S}. Thus, we have a natural ring
morphism Φ : LCAR(M,G) → EndR[G](M[G]) induced by restriction.
Proposition 4.3. The ring morphism Φ : LCAR(M,G) → EndR[G](M[G]) is injective.
Proof. Let τ :MG → MG be an R-linear cellular automaton with memory set S. Given x ∈ MG,
consider, for each g ∈ G, the element yg ∈ M[G] which coincides with x on gS and is identically
0 outside gS. We have τ(x)(g) = τ(yg)(g). Thus τ is entirely determined by its restriction to
M[G]. This shows that Φ is injective. 
Theorem 4.4. Suppose that M is finitely generated as an R-module. Then Φ : LCAR(M,G) →
EndR[G](M[G]) is a ring isomorphism.
Proof. By the preceding proposition, it suffices to show that Φ is surjective. Let u ∈
EndR[G](M[G]). Consider an element x ∈ M[G]. Then we can write
x =
∑
g∈G
δgex(g),
where em ∈ M[G] is defined by (4.3). Since u is R[G]-linear, we have
u(x) =
∑
δgu(ex(g)).g∈G
756 T. Ceccherini-Silberstein, M. Coornaert / Journal of Algebra 317 (2007) 743–758We deduce that
u(x)(1G) =
∑
g∈G
u(ex(g))
(
g−1
)
. (4.4)
Suppose now that M is generated as an R-module by finitely many elements m1, . . . ,mk ∈ M .
Let Si ⊂ G denote the support of u(emi ), 1 i  k, and consider the finite set S ⊂ G defined by
S =⋃1ik S−1i .
If m ∈ M , we can write m =∑1ik rimi for some ri ∈ R. We then have em =∑1ik riemi
and hence u(em) =∑1ik riu(emi ). We deduce that u(em)(g−1) = 0 if g /∈ S. Thus, using
(4.4), we get
u(x)(1G) =
∑
g∈S
u(ex(g))
(
g−1
)
.
This shows that u(x)(1G) only depends on the restriction of x to S. Thus there is an R-linear
map μ :MS → M such that
u(x)(1G) = μ(x|S) for all x ∈ M[G].
Using the R[G]-linearity of u, we finally get
u(x)(g) = (δg−1u(x))(1G) = u(δg−1x)(1G) = u(xg)(1G) = μ(xg|S)
for all x ∈ M[G] and g ∈ G. Therefore u is the restriction to M[G] of the R-linear cellular
automaton τ :MG → MG with memory set S and local defining map μ. This shows that Φ is
surjective. 
Remark. If the finite generation of M as an R-module is dropped from our assumption in the
previous theorem, then the ring morphism Φ : LCAR(M,G) → EndR[G](M[G]) may fail to be
surjective. Indeed, let M be the free left R-module based on a set Λ. Then observe that M[G] is
free as a left R[G]-module with basis {eλ: λ ∈ Λ}, where eλ :G → M is defined for all λ ∈ Λ ⊂
M by eλ(g) = λ if g = 1G and 0 otherwise. Now, if u ∈ EndR[G](M[G]) then, for each λ ∈ Λ, we
have u(eλ) =∑μ∈Λ αλμeμ, where αλμ ∈ R[G] is non-zero only for finitely many μ ∈ Λ. As it
is well known from basic algebra, the map u → (αλμ)λ,μ∈Λ is a ring anti-isomorphism between
EndR[G](M[G]) and the ring MatΛ(R[G]) consisting of all Λ×Λ matrices with entries in R[G]
and only finitely many non-zero entries on each row. Now, if we take τ ∈ LCAR(M,G) with
memory set S and u = Φ(τ), it is clear that the support of each entry αλμ is contained in S. Thus
Φ is not surjective if G and Λ are both infinite and R = 0.
We thank Claudio Procesi for helping us clarifying this point.
Corollary 4.5. Let M be a free left module of finite rank d over a ring R. Then the rings
LCAR(M,G) and Matd(R[G]) are anti-isomorphic.
Proof. First observe that M[G] ∼= (Rd)[G] ∼= (R[G])d as left R[G]-modules. Thus the rings
EndR[G](M[G]) and Matd(R[G]) are anti-isomorphic (see the above remark). This implies that
the rings LCAR(M,G) and Matd(R[G]) are anti-isomorphic by Theorem 4.4. 
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In this section we prove Corollaries 1.4 and 1.5.
Proposition 5.1. Let G be a group and let M be a left module over a ring R. Suppose that every
injective R-linear cellular automaton τ :MG → MG is surjective. Then the ring LCAR(M,G)
is directly finite.
Proof. Let σ, τ ∈ LCAR(M,G) be such that σ ◦τ = 1 (identity map on MG). Then τ is injective
and hence bijective by our hypothesis. If τ−1 is the inverse map of τ , we have τ ◦ σ = τ ◦ σ ◦
τ ◦ τ−1 = τ ◦ τ−1 = 1. Thus LCAR(M,G) is directly finite. 
From Proposition 5.1 and Theorem 1.2, we immediately deduce the following:
Corollary 5.2. Let G be a sofic group and let M be a left module of finite length over a ring R.
Then the ring LCAR(M,G) is directly finite.
Proof of Corollary 1.4. The direct finiteness of EndR(M)[G] immediately follows from Corol-
laries 4.2 and 5.2. 
Proof of Corollary 1.5. Consider a free left R-module M of finite rank d  1. The ring
Matd(R[G]) is anti-isomorphic to the ring LCAR(M,G) by Corollary 4.5. Hence Matd(R[G])
is directly finite by Corollary 5.2. 
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